Abstract. Let C be a proper smooth geometrically connected curve over a number field of K of genus g ≥ 3. For a fixed , let Π denote the procompletion of the geometric fundamental group of C. For an L-rational point x of C, we have ρ A,x : G L → Aut Π associated to the base point x, and its quotient by the inner automorphism group ρ O : G L → Out π := Aut / Inn, which is independent of the choice of x. We consider whether the equality Ker ρ A,x = Ker ρ O,x holds or not. Deligne and Ihara showed the equality when the curve is the projective line minus three points with a choice of tangential basepoint. The result here is: Fix an dividing 2g−2. Then there are infinitely many curves of genus g such that for any L-rational point x with [L : K] finite and coprime to , the index [Ker ρ O,x : Ker ρ A,x ] is infinite.
Introduction
Let Π g,n denote the fundamental group of a Riemann surface of genus g ≥ 3 with n points punctured, and let Π g,n denote its commutator subgroup. The quotient by this commutator, namely the abelianization of Π g,n , is denoted by H, since it is isomorphic to the first homology group. Let Γ g,n denote the mapping class group of an n-pointed genus g surface. In this manuscript, when n = 0, we omit the subscript n and write Π g := Π g,0 and Γ g := Γ g,0 . Based on Morita's result [9, (5.4) ], Hain and Reed [4, Prop. 23] proved that the class e ∈ H 2 (Γ g , H) corresponding to the extension
has order 2g − 2. In particular, this sequence does not split. Based on this topological theorem, we prove a theorem on Galois representations.
Let K ⊂ C be a number field, and C a smooth geometrically connected curve over K. We call C a (g, n)-curve if it is a proper smooth genus g curve with n K-rational points being removed.
Suppose that x ∈ C(K) is a K-rational point, and letx be a geometric point Spec(K) over x taken in C. Let C := C ⊗ K K be the geometric fiber. For a (g, n) curve C, by SGA1 [3] , we have a short exact sequence
where π alg 1 denotes the algebraic fundamental groups and G K := Gal(K/K) is the absolute Galois group of K.
Let Π g,n denote the topological fundamental group π 1 (C(C),x), as above. By the comparison theorem, π alg 1 (C,x) is canonically isomorphic to the profinite completion of Π g,n denoted by Π ∧ g,n . Let Π ( ) g,n denote its maximal pro-quotient, for a fixed prime .
In the above short exact sequence, the middle group acts on the left group by conjugation. Since Π ( ) g,n is a characteristic quotient of the left group, the middle group also acts on it. This gives the following diagram:
where Aut (respectively Inn) denotes the continuous automorphism group (the inner automorphism group) of Π ( ) g,n , and Out is the quotient, so that the horizontal rows are both exact. The middle vertical map from G K is induced by x → C, and its composition with the lower-middle vertical map gives the automorphism representation
The right vertical map gives the outer Galois representation
The absence of x in the subscript reflects the fact that ρ O,C does not depend on the choice of x. Actually, it can be defined using any geometric base pointx; two different choices of base point give an identification on π alg 1 (C,x) with ambiguity by inner isomorphisms, which are trivialized in Out.
The commutativity of the above diagram implies that
Our question is whether equality holds. Consider the statement:
It is equivalent to the statement Im(
Our main result is that there are many examples such that E(C, x, ) does not hold.
Projective line minus three points
Deligne and Ihara proved E(P 1 −{0, 1, ∞}, 01, ) for all , where 01 is a Q-rational tangential base point.
We start with a general remark. Suppose that n ≥ 1 and that C is a curve of type (g, n). Fix a K-rational puncture u and a nonzero tangent vector v in the compactification at u. One can construct
as in [2] , [6] . If ξ is a small loop at the base point v that encircles the puncture u, then one can show that for all σ ∈ G K ,
where χ is the -adic cyclotomic character χ :
is an inner automorphism, since it normalizes ξ , it is an inner automorphism by a power of ξ, which is a very restrictive condition.
In the case of P 1 − {0, 1, ∞} with base point 01, Ihara [5, p. 55] showed that E(P 1 − {0, 1, ∞}, 01, ) is true. Historically, by a group-theoretic method, Belyi constructed a lift of the outer Galois representation to an automorphism representation that contains no inner automorphisms. Then, Deligne gave its geometric realization using a tangential base point: see [5, p. 47 ].
Main result
Let C/K be a (g, 0) curve with 2g − 2 > 0. Let x be a closed point of C and let L := k(x) be the residue field at x (hence L/K is a finite extension and x ∈ C(L)). In the same way as in §1,
We consider whether the following equality holds:
which we designate by E (C, x, ). It is equivalent to the statement E(C × K L, x, ) in the previous notation.
The following is the main theorem of this article. 
is an infinite group (hence not trivial). Consequently, E (C, x, ) is false for any such x.
4. Proof 4.1. Universal monodromy. Again fix a number field K. Let M g,n be the moduli stack of (g, n)-curves, with base field extended to K. (Again, if n = 0, then it is omitted in the subscript.) Then, M g,n+1 → M g,n is the universal family of (g, n)-curves. Thus, for a (g, n)-curve C/K, there is a classifying map [C/K] : Spec K → M g,n such that C/K is isomorphic to the pullback of the universal curve. This induces the following diagram consisting of exact rows:
The definition and the exactness of the middle row is due to Takayuki Oda [10] : note that the left injectivity of this row follows from the center-freeness of the π alg 1 (C) under the condition 2g−2+n > 0, which injects through π
The commutativity of the diagram implies that ρ A,C,x is the composition of the three middle vertical arrows, and ρ O,C is the composition of the two right vertical arrows.
The Main Theorem 1 is now a consequence of the following two theorems.
Theorem 2 (Theorem 1.2 in [8]). There exist infinitely many (g, n)-curves over number fields such that
Remark 4.1. In the above, the existence is proved by choosing a dominating quasifinite map from the moduli stack M g,n /Q to the projective space f : M g,n /Q → P 3g−3+n /Q. For any such f , one can conclude that the set of the closed points in M g,n corresponding to curves with the above property is not thin in P 3g−3+n (Q) in the sense of Hilbert's irreducibility theorem. In particular, if the moduli stack is rational, then we have infinitely many such curves for any one fixed number field K.
One can also assume that C has at least one K-rational point. Then one can show that there exist infinitely many x ∈ C with [k(x) : K] being coprime to .
An essential ingredient of the proof of Theorem 2 is Hilbert's irreducibility theorem, and the first half of Remark 4.1 follows the proof there. We may assume that moreover C has at least one K-rational point, by applying the theorem to (g, n+1)-curves. Once C has a K-rational point, then, by Riemann-Roch, there are functions to P 1 /K with a pole at the rational point with order d if d is sufficiently large. In particular, we may assume that d is prime to . Hilbert's irreducibility shows that there are infinitely many closed points on C with residue extension degree being d. This proves the last part of Remark 4.1.
Consider the exact sequence
is called a section on S to the above exact sequence if its composite with the projection is an identity on S. A proof is given in the next section. Now we prove Theorem 1. Take a (g, n)- 
Here, the top row is the exact sequence obtained by dividing by Π ( ) at the left and middle groups of the exact sequence (4).
The group Γ g,n is the topological fundamental group of the analytic stack M g,n (C) in the orbifold sense with the base pointx. Accordingly, there is a natural morphism
Oda proved that Γ g,n is isomorphic to the mapping class groups of (g, n) curves [10] . The middle row is the pullback of the first row along this homomorphism, in the category of discrete groups (i.e., the topology is forgotten). That is, Γ g is the fiber product of the upper-middle group and the right-middle group over the right-upper group. It is a group-theoretic conclusion that the kernel of Γ g → Γ g is H ( ) . The bottom row is obtained from the fiber homotopy sequence in the (usual discrete) fundamental groups
by dividing by the commutator subgroup Π of Π g in a way similar to the above. The abelianization of Π g is canonically isomorphic to the first homology H of the curve C(C) with Z-coefficient. By the comparison theorem of GAGA type shown in [10] , the bottom short exact sequence has a morphism to the top exact sequence, and it factors through the middle because the middle exact sequence is defined by pullback.
